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Q Q
» (not-so-) elliptic 2nd order PDEs occur as ,building blocks® in a

variety of problems

» implementing ,the" example (Poisson’s equation) is straight
forward

» implementing more complicated examples is often a
time-consuming task

» many FEM-toolboxes provide interfaces for the definition of basic
ingredients

» not so many provide the possibility to form linear combinations of
basic models/equations
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~ Concrete Example

» homogenized model for concrete carbonation (cf. Peter & Béhm
(2009)) in Q7 = Q x (0,7)

0ij® = —(|1Z2%| C™CHR) uv™, inQr,
|ZV 0,0 = —(|Z¥|CHmYR)uv™, inQr,

O (72124 +1Z2%)u) = V - (32 D*P*Vu) = —(|Z¥| m"R) uv™, in Qr,
—j*D*P*Vu - v = C™*(u — u™"), on 02,
u=ug, vV =vy, j* =1, fort =0.
» u = u(x,t) combined concentration of CO4 in pore air and water
» oW =¥ (z,t) concentration of Ca(OH), in pore water
> j* = j2(x,t) relative pore-volume reduction
» Robin b.c. for exchange with outer CO, concentration Cxt
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...afew pages later ...

» PDE-sub-problem
Compute U,, € V(G) by solving the linear problem

(1) |27+ 121) (U~ Unr), @)+ (Ja(62) D*PPVU,., Vi)

n

+{(|Z"|m" R Vi (tn) + 127 00Jn(tn)) Un, @) + C™H(Un — u™, @)oq =0

forall ® € V(G).
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...afew pages later ...

» mass-part of previous equation:

{(altn) 12°] 4 12) (U~ Unr), @

n

» C++-snippet

39 auto simpleMass = massModel (discreteSpace);
40

41 auto massModel = 1./tau * (Z_a * J + Z_w) * simpleMass;
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Model-Tuples for Elliptic Problems
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General Elliptic 2"?-Order Equation

Currently implemented general model in Dune: : ACFem
» strong” form:

V- (A(z,...)Vu) + V- (b(x,...)u) + c(z,... )u= f(x) inQ,
u=gp onlp,

(A(z,...)Vu) - v+ az,...)u=gny onTkg,

(A(z,...)Vu) -v=gny onTy,

» f € L?(Q,R™) is the usual ,right hand side"
» gn : 'y — R™ data for Neumann resp. Robin b.c.

» potentially non-linear, ie. A = A(z,u, Vu), b = b(z, u, Vu),
¢ = c(x,u, Vu)
» u: Q) — R™ potentially vector-valued
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General Elliptic 2"?-Order Equation

Currently implemented general model in Dune: : ACFem
» weak form, determine v € H*(2) such that

/Q(AVu)-V(;de—k/Q(V-(bu)+cu)¢daz—/ﬂf(x)¢dx

+£Rau¢do—ANgN¢do:O,
(IL u) = (I, gp).

» usual test-space ¢ € {ve H(Q)]v=00nTp}
» II are suitable test-functionals to enforce the Dirichlet-data

Dune: :Fem context:
» the multiplication by the test-functions is provided by Dune: :Fem
» the rest has to be provided by the application
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Example for the “Flux”-Term
» flux* contribution

/(A(x, U,VU)VU): VV = Y / op(x,U,VU): VV
Q2 geT/E

» the application has to provide oy and its first variation éo g
prototype for o

v

template<class Entity, class Point>
void flux(const Entity& entity,
const Point &x,
const RangeType &value,
const JacobianRangeType &jacobian,
JacobianRangeType &flux) const

OO WN =

v

prototype for dor accepts additional arguments for the point of
linearization
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The Model-Tuple

We consider vector-valued solutions U : R¢ — R™,
» Model constituents:

flux op : R4 x R™ x Rm*d4 — Rm>d
source pg s REx R™ x Rmxd 5 R™
Robin-flux pr : R x R™ — R™
Robin-indicator Xr: 002 — {0,1}
Neumann-data gy :RT 5 R™
Neumann-indicator xy : 92 — {0,1}

Dirichlet-data gp : R S R™

Dirichlet-weight wp : R4 — R™
Dirichlet-indicator ~ xp : 9Q — {0,1}

bulk-forces f:R* - R™

» an application has to provide a suitable ,model-tuple*

M= (UE7 KE, PI, N, 9D, WD, f7XRa XN, XD)
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Weak-formulation with Model-Tuple

» let a model-tuple be given

M = (OE7 KE, PI, N, 9D, WD, vaRa XN, XD)

» the corresponding formal weak formulation reads

Z (/ (0p(z,U,VU) : VV + pug(z,U,VU)-V — f-V)
peT F

+/ (xr(@) pr(,U) = x(@) g () - V) ) =0,
I€cENON
(IL, xpwp U) = (IL,xp gp).

» normally wp =1
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Realization of Model-Tuples in Dune: : Fem

» each application builds on top of a default zero-model-tuple
» only non-zero contributions need to be implemented
» although this is not overly complicated it is a cumbersome task

~- Dune: : ACFem allows forming algebraic expression from existing
models

~ the generated ,model-expressions” are ,model-tuples” just as
znhand-coded" ones

~ this allows forming of complicated models from a set of
convenient pre-defined skeleton-models



. University of Stuttgart
“r/i1anse Germany
~ A NMH

Adding and Subtracting Model Tuples

v

let M<, o = 1,2 be two model tuples

M = (0%, 1%, P75 9 9D WH, [ XR XN XD)

v

all integral bulk-contributions can simply be added
for boundary data:

v

95 =Xxb 95 £xh9%, Be{N,RD}

for addition as well as subtraction the indicator functions are
always added.

v

X5 =(Xb®XD) =Xb+Xb — Xb XD

X5 =(b®x%) (1—x3)., Be{NR}.
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Linear Combinations with Functions

> let
M = (UE7 KE, PI, N, 9D, WD, f’ XRs XN XD)

and s € L>=(E) some function
» scaling of model-tuples is defined by

sM = (SJEv SUE, SPI, SYN, SYgD, SWD, XRs XN XD)

» scaling leaves the solution set invariant
» the indicator functions remain - of course - unscaled

» algebraically, model tuples form sort of an L*-module
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Code-Example

auto RbcO = robinZeroModel (discreteSpace);
auto _Delta_U = laplacianModel(discreteSpace);
auto U = massModel (discreteSpace);

auto bulkModel = _Delta_U + 4.0%(C*C)*sqr (X)x*U;
auto F = 2.0 * C * dimDomain * exactSolution;

oONO O WN =

auto pdeModel = bulkModel - F + Cx(RbcO - gR));

©

10 typedef EllipticFemScheme<...> SchemeType;

11  SchemeType scheme(solution, pdeModel, exactSolution);
12

13 return adaptiveAlgorithm(scheme);

14 3}
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Code-Example

auto RbcO = robinZeroModel (discreteSpace);
auto _Delta_U = laplacianModel(discreteSpace);
auto U = massModel (discreteSpace);

auto bulkModel = _Delta_U + 4.0%(C*C)*sqr (X)x*U;
auto F = righHandSide (bulkModel, exactSolution);

oONO O WN =

auto pdeModel = bulkModel - F + Cx(RbcO - gR));

©

10 typedef EllipticFemScheme<...> SchemeType;

11  SchemeType scheme(solution, pdeModel, exactSolution);
12

13 return adaptiveAlgorithm(scheme);

14 3}
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Incomplete list of available ,atomic* Models

> UV

> [, VU:VV

> o [UP2U -V

> [, |VUP2VU : YV

> [ (VU +(VU)T) : VV

s JalvUIU -V

> = JoURU):VV + [o(U-v)(U-V)
> (ILU) = (IL, gp)

> [of -V (bulk forces)

Further models are easy to implement, as one can focus on a single
model-component.
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» Dune: : ACFem implements expression templates for model-tuples
and grid-functions

» own ,hand coded* model can easily combined with predefined
models

» in addition Dune: : ACFem implements standard adaptive
algorithms for conforming finite element methods

» integrates nicely on top of Dune: :Fem
» parallel, adaptive, 2d, 3d, conforming finite elements

...planned
» DG support

» sort out possible auto differentiation support for
,auto-linearization”
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